Is there a condensed matter system that scrambles information as fast as a black hole? The Sachev-Ye-Kitaev model can saturate the conjectured bound for chaos, but it requires random all-to-all couplings of Majorana fermions that are hard to realize in experiments. Here we examine a quantum spin model of randomly oriented dipoles where the spin exchange is long-ranged and governed by dipole-dipole interactions. The model is inspired by recent experiments on dipolar spin systems of magnetic atoms, dipolar molecules, and nitrogenvacancy centers. We map out the phase diagram of this model by computing the energy level statistics, spectral form factor, and out-of-time-order correlation (OTOC) functions. In addition to a many-body localized regime, we find a broad regime of many-body chaos where the energy levels obey Wigner-Dyson statistics and the OTOC shows distinctive behaviors at different times: Its early-time dynamics is characterized by an exponential growth, while the approach to its saturated value at late times obeys a power law. The temperature scaling of the Lyapunov exponent λ L shows that while it is well below the conjectured bound 2πT at high temperatures, λ L approaches the bound at low temperatures and for large number of spins. These results suggest that dipolar spin systems can offer a glimpse of the bound for chaos.
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Introduction. Spin models with long-range interactions and disorder have traditionally been a central playground in the study of spin glass [1] [2] [3] . Recently, such models have gained renewed interest thanks to the discovery of a few remarkable properties of the Sachdev-Ye-Kitaev (SYK) model [4, 5] . The Hamiltonian of the SYK model H S Y K = N i> j>k>l J i jkl χ i χ j χ k χ l describes N Majorona fermions {χ i } with random all-to-all couplings J i jkl obeying normal distribution with zero mean and standard deviation ∼ J/N 3/2 . This model can be solved exactly in the large-N limit, where it develops conformal invariance in the infrared limit and is dual to a black hole in an emergent 1+1-dimensional spacetime [5, 6] . The SYK model not only provides a concrete example for holographic duality in field theory, but also sheds new light on many-body chaos and thermalization in interacting quantum systems. For example, the model saturates the maximum bound for the onset of chaos, conjectured to be 2πk B T/ [7] . Put in another way, the model scrambles/thermalizes information as fast as a black hole, possibly the fastest scrambler in nature [8] .
It remains unclear which condensed matter system can exhibit these intriguing properties. Several proposals have been put forward to realize the SYK model or its variants experimentally based on interacting fermions [9] [10] [11] [12] . The challenge is to engineer Majorana fermions or infinite-range coupling between complex fermions. In this paper, we follow an alternative route and seek to find a quantum spin model that shows fast scrambling and many-body quantum chaos similar to the SYK model. Previous numerical study of the transverse-field Sherrington-Kirkpatrick-Ising (SKI) model found exponential growth in the so-called out-of-time correlations (OTOC), but the growth exponent, known as the Lyapunov exponent λ L , is orders of magnitude smaller than the maximum bound [13] . Here, we propose to relax the assumption of infinite-range coupling as in SKI and SYK, and replace it with power-law Dipoles localized in randomly selected lattice sites (schematic). Each dipole carries spin 1/2 and has a random orientation (red arrows) parametrized by uniformly distributed random angles θ and φ. Right: Phase diagram of model in Eqs. (1)-(2) obtained from the energy level statistics of N = 10 spins on 4 × 4 lattice averaged over 500 disorder realization. False color shows the disorder averaged mean level spacing r J defined in the main text. In the quantum chaotic (bright) region r J = 0.53 whereas r J = 0.37 in the (dark) manybody localized region. Four points, P 1 to P 4 , are selected for detailed analysis which is presented below.
interactions. This leads us to a quantum spin model inspired by recent experiments on dipolar spin systems, e.g. quantum gases of polar molecules [14] and magnetic atoms [15] confined in optical lattices and nitrogen-vacancy centers in diamond [16] . The dipole-dipole interaction naturally realizes all-to-all (since it is long-ranged) but random (since it depends on the random orientation of the dipoles) exchange between spins.
We examine the spectral statistics and OTOC of the random dipolar spin model using exact diagonalization. Numerical estimation of λ L turns out to be a challenging task due to arXiv:1810.03815v1 [cond-mat.quant-gas] 9 Oct 2018 the finite size limitations. OTOC exhibits complicated time and temperature dependence including multiple regimes even for idealized models such as SYK [17] or SKI [13] . There is no single formula that can fit all time scales in different models. For example, power-law behavior of OTOC was noted in Ref. [18] for several spin models. λ L for the complex fermion SYK model was found to be very small [19] . Ref. [20] reported that λ L reaches its maximum bound near the quantum critical points. Key to our analysis of λ L is a careful separation of the exponential growth from the power law saturation. While our model thermalizes slower than a black hole, we find it to be a surprisingly fast scrambler: in the limit of low temperature and large number of spins, λ L seems to approach the maximum bound. This hints at the existence of a nontrivial dual theory in the infrared limit.
A dipolar spin model with random couplings. Consider a generic model Hamiltonian for spin 1/2 on square lattice
Here σ x,y,z i are the Pauli spin operators on site i, the sum is over all occupied sites i and j, η is the exchange anisotropy, and Γ is an external field along the x-direction. In previous work, the exchange coupling {J i j } are assumed to be random with normal distribution and all-to-all, i.e., independent of r i j = r i −r j , the distance between two spins at site i and j. We refer to model Eq. (1) with such {J i j } as the Sherrington-Kirkpatrick XXZ model. For Γ = 0 and η = 1, it reduces the SU(2) spin model considered in [21] and generalized to SU(N) by Sachdev and Ye [4] . For η = 0, it reduces to the SKI model studied in Ref. [13] .
We propose to study model Eq. (1) for the more realistic case where {J i j } are still random but decays as |r i j | −3 . To motivate such a scenario, imagine sprinkling N dipoles, each carrying pseudospin 1/2, onto the square lattice. We allow empty sites but no double occupancy. Both the location and orientation of the sprinkled dipoles are assumed to be random as schematically shown in Fig. 1 . These dipoles are localized with their orientations fixed. The coupling between spins are mediated by the dipolar interaction and takes the form
Herer i j = r i j /|r i j |, and the unit vectord i specifies the orientation of the dipole at site i,d i = (sin θ i cos φ i , sin θ i sin φ i , cos θ i ) where angle θ i (φ i ) is random and uniformly distributed in [0, π] ([0, 2π]). The statistics of J i j given by Eq. (2) is sharply peaked at small exchanges and deviates significantly from normal distribution [22] . Roughly speaking, this is because there is more chance to find two spins of larger distance away (and hence small J i j values due to the power law decay). The model Eqs.
(1)-(2) is an example of strongly disordered quantum many-body systems with power law interaction, and our hypothesis is that it exhibits interesting scrambling dynamics.
To test this hypothesis using numerics, we consider an L × L lattice with N < L 2 spins, and set the energy units to be J 0 and = k B = 1.
In many experiments on dipolar spin systems, a magnetic or electric field is applied to orient all the dipole moments in the same directiond or to set a common quantization axis for the pseudospins. This leads to quantum spin models [23] [24] [25] where J i j is simplified to J 0 [1 − (d ·r i j ) 2 ]/|r i j | 3 . For randomly located dipoles r i j with vacancies present, the resultant distributions of J i j is not symmetric (e.g., skewed towards negative couplings) and depends on the filling fraction of the lattice, making the system less ideal for studying scrambling dynamics. For this reason, we consider randomly oriented dipoles with stronger disorder described by Eq. (2). This requires random local fields to lock the dipole momentsd i . Accordingly, the value of η and Γ may vary from site to site. For simplicity, we assume a constant value of η and Γ throughout the system. We will compare the scrambling behaviors of model Eq. (2) with those of the Sherrington-Kirkpatrick XXZ model.
Spectral statistics: many-body localization versus manybody chaos. We first examine the energy level statistics of this model by exactly diagonalizing H d for many random realizations of d i for given anisotropy η and transverse field Γ. Then, by varying η and Γ, we can identify different regimes ("phases") of this model by comparing its spectra with well known behaviors of disordered quantum many-body systems. We adopt the spectral measures proposed in Ref. [26] which are widely used in the study of many-body localization (MBL) in quantum systems [27] . Let {E n } be the sorted energy eigenvalues E 1 < E 2 < E 3 < . . . and ∆E n = E n+1 − E n the level spacing. Define the ratio of adjacent level spacing r n = ∆E n /∆E n−1 andr n = min r n , r −1 n . For certain nonergodic phases that do not thermalize, the energy levels are uncorrelated such that the probability distribution of r n follows Poisson distribution P(r) = 1/(1+r) 2 . In comparison, for chaotic systems the energy levels repel each other giving rise to a probability distribution following Wigner-Dyson statistics P(r) = Z −1 (r+r 2 ) b /(1+r+r 2 ) 1+3b/2 where Z and b are constants depending on the ensemble symmetries. For example, b = 1 and Z = 8/27 for the Gaussian Orthogonal Ensemble (GOE). Note that the level statistics of the SYK model falls into the Wigner-Dyson category and has been studied in depth [28] . The left panel of Fig. 2 shows two examples of the computed P(r) for our model at the same η but different Γ. They obey Poisson and GOE statistics respectively. Thus, this model has two distinctive phases.
The ensemble average ofr n , denoted by r n J , serves as a convenient quantity to chart out the phase diagram, since r n J = 0.37 for Poisson statistics whereas r n J = 0.53 for GOE. As shown in the right panel of Fig. 2 , the evolution of r n J indicates a transition from Poisson to GOE statistics for increasing Γ in the Ising limit η = 0. Even though only a smooth crossover can be seen in numerics with finite N, the variation of r n J becomes sharper as N is increased. The crossing point of the N = 10, 12 and 14 curves, Γ c ∼ 0.1, can be taken as a rough estimate of the phase boundary for η = 0 in the thermodynamic limit N → ∞. The estimated Γ c value is comparable to that of the Sherrington-Kirkpatrick model [13, 29] . Similar result is shown on a modified SYK model recently [30] . We carry out scans on the η − Γ plane for N = 10 spins averaged over 500 random realizations. The computed r n J is illustrated in Fig. 1 (right panel) using false color. The bright regions feature many-body chaos, while the dark regions are many-body localized. We will use independent evidences below to further corroborate this claim. The MBL regions cluster around the lines η = 1 (Heisenberg limit) and Γ = 0 (Ising limit) where the spin model enjoys higher symmetry. In what follows, we shall concentrate on the wide chaotic regime. We have also computed the spectral form factor for H d . This quantity is defined as the disorder average |Z(t)| 2 J , where Z(t) = Z −1 0 n e −itE n with Z 0 a normalization constant [22] . It probes spectral correlations beyond level spacing r n , and its time evolution shows a characteristic dip-rampplateau pattern for quantum chaotic systems. For example, the SYK model shows this behavior as discussed recently in Ref. [31, 32] . Our results [22] confirmed the presence of the dip-ramp-plateau feature in the spectral form factor within the bright regions in Fig. 1 . This lends additional support for identifying them as regions of many-body chaos.
Out-of-time-order correlations: exponential growth and power law saturation. A direct diagnosis of many-body chaos is provided by the out-of-time-order correlations (OTOC). For two Hermitian operators A and B, define [33] 
where in the Heisenberg picture A(t) = U † AU with U = e −itH the time evolution operator, and the angle bracket denotes thermal average · ≡ Tr(e −βH ·)/Tre −βH . In general, C AB (t) exhibits complex dynamics at intermediate times due to the fact that A(t) and B fail to commute [34] . For example, the OTOC of the SYK model shows several distinct time scales [5, 7, 17] . At early (pre-chaos) times up to a dissipation/collision time scale t d , the dynamics can be captured by two-point correlators and the growth of OTOC is negligible. This is followed by an exponential growth C AB (t) ∼ e λ L t , where λ L is known as the quantum Lyapunov exponent. Such growth is a signature of chaos. Interestingly, the saddle point solution of SYK in the large-N limit indicates that λ L saturates the conjectured bound 2πT , pointing to a possible gravity dual of this model in the form of a black hole [7] . Recently, it was shown that at even later times, the OTOC of SYK crosses over to a universal power-law behavior containing t −6 and its exact dynamics depends on temperature [17] .
To characterize many-body chaos in our model, we choose A and B as the local spin operators σ z i and σ z j . Define
where the sum can be viewed as average over all sites. We compute the disorder average C(t) J as well as the sampleto-sample variance δC 2 (t) ≡ C 2 (t) J − C(t) 2 J where · J denotes average over many random realizations. Fig. 3 shows the computed OTOC for a few selected points from the phase diagram (see Fig. 1 for the location of points P 1 to P 4 ) at two different temperatures. For point P 1 which has Poisson level statistics and lies within the MBL region, C(t) J is very small and its growth is strongly suppressed for both temperatures. Our result is consistent with previous observations that the OTOC at infinite temperature grows at late times for MBL phases [18, 35] . For point P 3 , which is deep inside the GOE (quantum chaotic) region, C(t) J grows rapidly and saturates to the value of 2 in the long time limit. We will focus on this example and analyze its time and temperature dependence in details below. Note that the OTOC for point P 2 resembles that of P 3 , but the increase of C(t) J begins at a later time, and it takes longer to reach the saturation value of 2 especially at lower temperatures. Similar results were reported for the transverse-field SKI model [13] . While both rapid rise and saturation are observed for point P 4 , it falls short of reaching the saturation value 2.
We now extract the Lyapunov exponent from the numerics and study its temperature scaling, using point P 3 deep inside the quantum chaotic phase as an example. This will give a quantitative description of the scrambling dynamics, making it possible to assess how close our model is to the ideal limit set by SYK. We find that for early times, t < t L ∼ 1, the OTOC is well described by exponential growth,
where the fitting parameters C 0 , α L and λ L are obtained from non-linear least squares fit of the data. For the T = 1 data shown in the lower panel Fig. 3 , we find λ L ≈ 0.13(2πT ), below the bound 2πT as expected. Performing the same procedure for different temperatures, we obtain the corresponding values of λ L /2πT . The result is summarized in the inset of Fig. 3 . Interestingly, the extracted Lyapunov exponent of our system approaches the conjectured bound λ L /2πT = 1 in the 10 −1 10 0 10 1 low temperature limit. We interpret this result as an indication that there may be a holographic dual of our model in the infrared limit, similar to the SYK model.
The time dependence of OTOC after t L can no longer be described by exponential. Instead, we find that after a second time scale t > t P ∼ 2, the approach of OTOC to its saturation value is well described by a power law,
where the parameters α P and µ can be obtained from nonlinear regression. We find µ ≈ 0.96 for the low temperature T = 1 data shown in Fig. 3 , whereas µ ≈ 1.9 for higher temperature T = 10 (fit not shown). We note these values are quite far from the power-law exponent µ = 6 predicted for the SYK model in Ref. [17] . Because the power law is attributed to soft mode fluctuations, the value of µ can be model dependent.
We emphasize that OTOC can be measured in experiments. This has been demonstrated recently for two types of quantum spin simulators [36, 37] . While most previous work focused on the disorder average of OTOC, we notice that its sampleto-sample fluctuations, described by the variance δC 2 (t), can provide additional information about the many-body dynamics if it is measured experimentally. The variance increases at low temperature (Fig. 3) , and is not a monotonic function of time. For example, at high temperatures there is an intermediate time scale where the variance reaches its maximum and the OTOC crosses over from exponential to power law.
Comparison with the Sherrington-Kirkpatrick XXZ model. We also computed the OTOC for the Sherrington-Kirkpatrick XXZ model and compared it with the random dipolar spin model discussed above. The results are summarized in Fig.  S4 of [22] . The extracted λ L from both cases shows a similar temperature dependence approaching the conjectured bound 2πT at low temperatures. This offers strong evidence that power-law interactions are sufficient for accessing fast scrambling and the possible existence of a universal, holographic dual theory at low energies as discovered in the SYK model [38] . An interesting open problem is to compare the growth of entanglement entropy and information scrambling for random spin models at different spatial dimensions. This may help reveal new dual theories beyond the SYK model.
In summary, the random dipolar spin model with powerlaw interactions proposed and studied here provides a concrete starting point to engineer quantum spin systems that exhibit rich behaviors including many-body chaos, many-body localization, and the possible emergence of a holographic dual. The phase diagram obtained from corroborating the energy level statistics, spectral form factor, and out-of-time-order correlations points to a robust quantum chaotic phase in this model. And the OTOC is found to show rapid scrambling, i.e., exponential growth at early times, as well as power-law at late times. Dipolar quantum spin systems have been realized using polar molecules such as KRb confined in optical lattices where the pseudospin describes two rotational states of the molecules [14, 39, 40] , or atoms with large magnetic moments where the spin refers to the hyperfine states [15] . Dipolar spin models have also been achieved using nitrogen-vacancy centers in diamond [16] , nuclear spins [41] , trapped ions [42] with tunable interactions [43] , or Rydberg atoms [44] . We hope our results can further stimulate the steady progress to control the exchange anisotropy [45] , in-situ detection [46] , and randomness in these quantum spin simulators.
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STATISTICS OF EXCHANGE COUPLINGS
In the SYK model, the statistics of four fermion couplings {J i jkl } obeys normal distribution, they have zero mean and a constant standard deviation. Thanks to this, one can apply the replica trick and perform integration over couplings which yields an exact solution. The exchange couplings in infinite-range (e.g. Sherrington-Kirkpatrick) spin models studied so far also obey normal distribution. Application of the replica trick suggested a possible spin glass ground state [21] . Ref. [4] further generalize the SU(2) spin model to SU(N) spins and found a saddle point with disordered (spin liquid) state for large N. Fig. S1 shows the statistics of couplings J i j for the spin-1/2 model H d introduced in the main text based on randomly oriented dipolar spins. The histogram significantly deviates from Gaussian distributions (the orange curve is a Gaussian constructed using the mean and standard deviation from the data). It follows more closely the Cauchy-Lorentz distribution. This suggests that the replica trick may not be applied straightforwardly to H d . To enhance quantum fluctuations and prevent a possible spin glass ground state, we include a transverse field and keep Γ as a tuning parameter in our model. 
SPECTRAL FORM FACTOR
Spectral form factor is defined as the thermal expectation value of time evolution operator U = e −itH ,
where H is the Hamiltonian under consideration, t is time, and β is the inverse temperature. Here we are interested in the infinite temperature limit, so we define Z = Z β→0 . In the energy eigen-basis, one can expand the trace to get
where Z 0 is the normalization constant, and E n are the energy eigenvalues. At early times, Z(t) approaches unity whereas at late times the phase factor inside the sum rapidly fluctuates. When ensemble average is taken, Z(t) vanishes for large t. Therefore, it is more useful to study the modulus square of Z(t),
Notice that this quantity contains information about the level spacing E n − E m which may obey non-trivial statistics such as Wigner-Dyson distribution. In addition, it also probes level correlations beyond the nearest neighbors in the energy level spectrum. This offers certain advantages over the level spacing measures P(r) andr n discussed in the main text. Spectral form factor has proven to be a useful tool for diagnosing many-body chaos in quantum systems. For example, several works have established that |Z(t)| 2 shows a robust dip-ramp-plateau behavior for the SYK model [31, 32] . Such behavior is illustrated in the fourth panel of Fig. S2 for the Gaussian Orthogonal Ensemble in random matrix theory (with 100 × 100 matrices and thousands of random samples). The ensemble average |Z(t)| 2 decays rapidly at early time to reach a dip, followed by a ramp and then finally a plateau. The result is believed to be quite generic for quantum chaotic systems. Fig. S2 shows the form factor of our spin model H d computed for a few representative cuts in the phase diagram. In the Ising limit η = 0, shown on the first panel, |Z| 2 decays directly to a constant value for Γ = 0.1 with no dip feature (this point belongs to the MBL phase in the phase diagram). For larger transverse field, e.g. Γ = 0.9, the dip and ramp are fully developed indicating many-body chaos. At larger anisotropy η = 0.5, similar result is obtained, and chaos is already manifest at Γ = 0.5. Along the η = 1 line (again within the MBL phase), the form factor shows oscillations but no dip-ramp-plateau structure. These results are consistent with the level spacing analysis and unambiguously identify the two regions (MBL and many-body chaos) in the phase diagram. Note that the ramp connects the plateau region smoothly in the dipolar spin model without a kink or a cusp. This is consistent with GOE statistics as previously noted in Ref. [32] . In Fig. S4 , we study the scaling of spectral form factor with total number of spins N. Different from the SYK model, smooth connection of ramp to plateau does not change with number of spins. This means our model is in GOE class independent of number of spins. Moreover, the early time oscillations of form factor around the dip seems to be fading away for larger N which indicates stronger quantum chaos in N → ∞ limit. The early time oscillations before the dip seen in the RMT form factor is the result of hard edges in the density of states (i.e. Wigner circle theorem). Similar oscillations also takes place in SYK model since it also has hard edges in the spectrum. Our model does not show this because of the long tails in the density of states. Finally we observe that the dip time grows slowly with large N, whereas plateau time seems to grow much faster. This is also similar to the result reported in [32] . 
COMPARISON WITH SHERRINGTON-KIRKPATRICK XXZ MODEL
In the main text, we refer to H d in Eq. (1) with normally distributed J i j , with zero mean and unit variance, as the Sherrington-Kirkpatrick XXZ model. Clearly, this model is more convenient for theoretical investigations. In this section, we discuss our results on the comparison of random dipolar spins with such a model with Gaussian distributed J i j as summarized in Fig. S4 . Here we take N = 8 and L = 4 and calculate averages over 10 3 samples and set Γ = η = 0.5 which is the point P 3 in Fig. 1 . The figure shows that dipolar spin models exhibits a scrambling dynamics quite similar to Gaussian model for both low and high temperatures. Extraction of Lyapunov exponent via the same procedure explained in the main text also shows similar fast scrambling behavior in the infrared limit. Naturally, λ L of the Gaussian model seems to be slightly larger than the dipolar spin model. 
